We report on the scaling behavior of V-doped (Bi,Sb)2Te3 samples in the quantum anomalous Hall regime for samples of various thickness. While previous quantum anomalous Hall measurements showed the same scaling as expected from a two-dimensional integer quantum Hall state, we observe a dimensional crossover to three spatial dimensions as a function of layer thickness. In the limit of a sufficiently thick layer, we find scaling behavior matching the flow diagram of two parallel conducting topological surface states of a three-dimensional topological insulator each featuring a fractional shift of 1 2 e 2 /h in the flow diagram Hall conductivity, while we recover the expected integer quantum Hall behavior for thinner layers. This constitutes the observation of a distinct type of quantum anomalous Hall effect, resulting from 1 2 e 2 /h Hall conductance quantization of three-dimensional topological insulator surface states, in an experiment which does not require decomposition of signal to separate the contribution of two surfaces. This provides a possible experimental link between quantum Hall physics and axion electrodynamics.
We report on the scaling behavior of V-doped (Bi,Sb)2Te3 samples in the quantum anomalous Hall regime for samples of various thickness. While previous quantum anomalous Hall measurements showed the same scaling as expected from a two-dimensional integer quantum Hall state, we observe a dimensional crossover to three spatial dimensions as a function of layer thickness. In the limit of a sufficiently thick layer, we find scaling behavior matching the flow diagram of two parallel conducting topological surface states of a three-dimensional topological insulator each featuring a fractional shift of 1 2 e 2 /h in the flow diagram Hall conductivity, while we recover the expected integer quantum Hall behavior for thinner layers. This constitutes the observation of a distinct type of quantum anomalous Hall effect, resulting from 1 2 e 2 /h Hall conductance quantization of three-dimensional topological insulator surface states, in an experiment which does not require decomposition of signal to separate the contribution of two surfaces. This provides a possible experimental link between quantum Hall physics and axion electrodynamics.
Introduction. After several theoretical proposals to accomplish the quantum anomalous Hall effect (QAHE) [1] [2] [3] [4] [5] , it has recently been observed in magnetically doped (Bi,Sb) 2 Te 3 [6] [7] [8] [9] [10] [11] [12] [13] [14] . The exact quantization and edge channel transport have been verified. Theory has suggested the system may be a suitable host for the realization of Majorana bound states [15] by combining superconductivity with the QAHE, and exploring quantized signatures of the three dimensional topological magnetoelectric effect [5, 16, 17] .
The QAHE has thus far been observed in thin layers with thicknesses in the range of 4 to 10 nm which are typically described as thin films. The onset of a gap stemming from the hybridization of the top and bottom surface state is predicted to be in the range of 6 nm [18, 19] , which is also the thickness at which opening of the gap is observed in ARPES measurements on Bi 2 Se 3 by Zhang et al. [20] , and also in layers grown by our group [21] . While many of the QAHE layers reported on so far are thinner than 6 nm, some are not. Also, layer roughness, resulting in part from the existence of rotation twins [22] , make it difficult to define an exact layer thickness. It is therefore not clear if the layers should be regarded as magnetic 2D or 3D topological insulators (TI).
The mechanism invoked to explain the QAHE in its initial manifestation [6] is applicable to a 2D system [3] , where the inversion of one spin species is lifted by exchange interaction. The theoretical perspective on the QAHE at a 3D TI surface, however, is different, and ties to the axion term [23] characterizing the electrodynamic response of a 3D TI bulk [24] . This has recently been investigated through Faraday and Kerr rotation spectroscopy [25] [26] [27] , where one observes the joint effect of both topologically non-trivial surfaces and has no measure to decompose the signal into individual surface contributions. Due to the effect of the axionic action
3 xdt, where α is the fine structure constant and θ=1 in the TI bulk up to its boundary, the single Dirac cone surface state does not violate gauge symmetry upon minimal coupling to an electromagnetic field [28, 29] . As the magnetic dopants induce a gap and magnetic disorder might act to further localize the Dirac surface density of states, a half-integer contribution to the Hall conductivity σ xy = ± 1 2 e 2 /h is still expected to be observable as long as the Fermi level resides in the 3D TI bulk gap [5] . The surface state of a 3D TI exhibiting the QAHE could thus be regarded as an "axion insulator".
In this letter, we report on our measurements on V y (Bi 1−x Sb x ) 2−y Te 3 layers with thicknesses around 9 nm which match the predicted flow diagram of two parallel topological surface states, providing experimental signature of a QAHE quantized in units of σ xy = ± 1 2 e 2 /h on each of the two surfaces, e.g. top and bottom, of a magnetic 3D TI slab. This effect is best evidenced by examining flow diagrams describing the relation of the longitudinal σ xx to the transversal σ xy conductivities during the transition from one filling factor to another. A flow diagram of the QAHE was first reported by Checkelsky et al. [7] and resembles that of the integer quantum Hall effect (iQHE) [30] where the relation between σ xx and σ xy follows semicircles centered on (σ xy , σ xx ) = (   1   2 e 2 /h, 0) and (− 1 2 e 2 /h, 0), going through the points (e 2 /h, 0), (0, 0) and (−e 2 /h, 0). Both components of the conductance going to zero during the transition indicate a complete breakdown of the edge channel transport. By extracting the values of σ xx and σ xy from published measurements of the external magnetic field dependence to determine their scaling diagram, one finds that most subsequent observations of the QAHE show the same behavior. This can be directly seen by the peak value of the longitudinal resistivity ρ xx > h/e at ρ xy = 0. Examples of such a high longitudinal resistivity are measurements with ρ xx = 2.2 h/e 2 in Fig. 2 of [6] , ρ xx = 2.1 h/e 2 in Fig. 2 of [7] , ρ xx = 1.7 h/e 2 in Fig. 1 of [10] , ρ xx = 1.6 h/e 2 in Fig. 4 of [11] , or even as high as ρ xx = 34 h/e 2 in Fig. 1 of [12] . The lowest peak values of the longitudinal resistivity is seen in Fig. 1 of [9] with ρ xx = 1.1 h/e 2 which, with a thickness of 10 nm, is measured on the thickest layer of the listed experiments. While our control measurements on thin layers show this same scaling behavior, our slightly thicker samples show the transition to the very different scaling behavior consistent with that predicted for an axion insulator.
Magnetic 3D TI layers. Our V y (Bi 1−x Sb x ) 2−y Te 3 layers are grown by molecular beam epitaxy on Si(111) and InP(111) substrates and capped in situ with a 10 nm layer of Te as protection against the environment. The V content y was determined from the growth rate of pure V to be y ≈ 0.1 for all layers, the varying Sb content x is determined by X-ray diffraction (XRD) measurements of the lateral lattice constant a and the layer thicknesses are obtained from X-ray reflection (XRR) measurements [31] . After growth the layers are patterned into Hall bar devices with a top gate and AuGe contacts using standard optical lithography (see supplementary for more details). All presented transport measurements were conducted at base (nominally 25 mK) temperature (unless specified otherwise) in a dilution refrigerator equipped with a high field magnet. Hall and longitudinal resistances were measured using standard high-precision, low-frequency ac techniques (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) . In all cases, the dependence of the longitudinal (ρ xx ) and Hall resistivity (ρ xy ) on the gate voltage was first measured in the absence of magnetic field, and all magneto-resistivity data presented in this letter is then taken for the gate voltage condition which gives the maximum value of ρ xy (unless specified otherwise). Figure 1 shows a measurement of the longitudinal and Hall resistivity of several samples in an external magnetic field: Five 9 nm thick layers with varying composition V 0.1 (Bi 1−x Sb x ) 1.9 Te 3 , a 8 nm thick V 0.1 (Bi 0.22 Sb 0.78 ) 1.9 Te 3 layer and a 6 nm thick V 0.1 (Bi 0.21 Sb 0.79 ) 1.9 Te 3 layer. The ρ xy data of Fig. 1a shows that all layers are in the QAH regime and at least close to quantization, with ρ xy (H = 0) > 0.8 h/e 2 . The longitudinal resistivity shown in Fig. 1b on the other hand shows results that can be classified in two distinct categories. For all layers with d ≈ 9 nm the peak value of ρ xx is less than h/e 2 , while the layers with d < 9 nm in contrast show a peak value which is higher than h/e 2 , as common in the literature.
Flow diagrams of these measurements for the d ≈ 9 nm layers are shown in Fig. 2 . These diagrams show the scaling of σ xx to σ xy as an external parameter is used to turn the system between plateaus. Any external parameter which affects the plateau transition can be used. In this paper we choose to use external magnetic field as a parameter [30, 32, 33] as it allows us to access a larger area of phase space while at the same time protecting the insulation nature of the bulk. Scaling diagrams using parameters such as temperature and gate voltage are shown in the supplemental information. The transition does not occur via the insulating state at (0,0), but rather different behavior is observed. Instead of following the above described flow diagram of the iQHE (black dashed lines), the data follows a semicircle centered on the origin with a radius of e 2 /h (red dashed line).
Such a semicircle centered on the origin is exactly what is predicted for a topological surface state in a magnetic 3D TI. Nomura and Nagaosa studied the transition of half-integer quantized states from σ xy = 1 2 e 2 /h to
2 /h on a single surface of a TI [5] , and found a scaling behavior shown by the green dashed line in Fig. 2 ; a semicircle which connects the two points ( behavior. It is worth noting that the key distinction between the iQHE and the axionic behavior is the position of the center of the semicircle in the flow diagram, which is at σ xy = 1 2 e 2 /h for the former case, and shifted back by 2 /h in the latter. This shift from finite value to zero does not depend on the number of surfaces being considered and thus is robust evidence of a fundamentally different scaling, which is consistent with an axionic term acting on a single topological surface state.
Robustness of the effect. To further confirm the robustness of the axionic scaling, we present flow diagram analysis for our representative perfectly quantized 9 nm thick V 0.1 (Bi 0.21 Sb 0.79 ) 1.9 Te 3 layer [14] , for a wide range of fixed gate voltage values in Fig. 3 , and for various fixed temperature values in Fig. 4 . As expected, so long as the Fermi level resides in the bulk bandgap, change in carrier concentration does not affect the scaling properties of such a system. Similar reproducible behavior characterizes the magnetic field scans at elevated temperatures, as clearly seen in Fig. 4 . Magneto-resistivity measurements at temperatures ranging from base temperature of the dilution refrigerator up to 1 K, reveal nearly constant longitudinal resistivity peak values, while high field values increase from 0 to nearly 0.5 h/e 2 , as seen in supplementary Fig. 4 . The same conclusion applies to magneto-resistivity scans for different gate voltage values visible in supplementary Fig. 3 , where the ρ xx peak value again proves to be nearly carrier concentration independent and close to the quantized value h/e 2 .
Sensitivity to layer thickness. We first note that because (Bi,Sb) 2 Te 3 grows with rotational twins, no perfectly flat layer in this material system has ever been achieved, and the typical surface roughness is not negligible compared to layer thicknesses. As such layer thicknesses reported by various groups using methodologies, which are effected differently by this roughness are difficult to compare. The values of the layer thicknesses given here should therefore be viewed as a way to reliably compare the relative thicknesses of our samples, but will not necessary compare in absolute values to those reported by other groups. Having said that, to confirm that thickness is indeed the key parameter distinguishing between iQHE and axionic scaling, we reproduce the scaling curve of a 9 nm thick layer exhibiting perfectly quantized transport, together with that of an 8 nm and a 6 nm thick layer of similar composition in Fig. 5 . Already for the 8 nm thick layer, a clear deviation from the 3D TI axionic scaling behavior is seen in the form of a dip at σ xy = 0. This feature strengthens for the 6 nm thick layer, which qualitatively follows the iQHE flow diagram represented by the black dashed line. Although both the 8 nm and 6 nm layers do not accurately quantize, they are in the QAHE regime and show a transition in scaling behavior, from the axion-like scaling expected in the 3D case to the previously reported iQHE scaling, highlighting the existence of two distinct regimes of QAHE. Unfortunately layers of even greater thickness cannot be studied as bulk contributions begin to significantly influence the observed transport as shown in supplementary Fig. 2 . Finally, we remark on the significance of the protective Te cap. Samples which are grown without a cap and otherwise processed in the same way, also exhibit the QAHE effect. The flow diagrams extracted from the external magnetic field dependence of three uncapped layers are shown in supplementary Fig. 6 . All three of these layers are at least 9 nm thick as determined by XRR measurements, yet show 2D scaling behavior. The flow diagram of uncapped layers therefore matches the scaling behavior of thinner capped layers. This is likely to be a result of degradation in the topmost layers due to exposure of the unprotected surface to ambient conditions and the lithography process, and suggest that uncapped samples have a dead layer at their surface, and thus are effectively thinner than their nominal values.
The range of thickness at which we see the scaling transition in capped layers is not inconsistent with the expected opening of the hybridization gap at 6 nm. While most of the samples reported on in literature are below this threshold, a clear iQHE scaling behavior is also seen in measurements from Checkelsky et al. [7] and Bestwick et al. [9] on layers which are nominally 8 nm and 10 nm thick, respectively. Considering that magnetically doped (Bi,Sb) 2 Te 3 layers have a considerable roughness it may be that the percolation path of the edge channel through the sample contains thinner parts which could explain an onset of this behavior in nominally thicker samples. Another explanation could be that the various capping methods (a 2 nm thin Al layer grown in situ [9] or ex situ grown AlO x [7] ) have a different degree of effectiveness than our Te cap.
Speculation relating to the direction of magnetization in our samples. A fine point which should be commented on relates to the direction of the magnetization vector in the sample. In the geometry examined in the theoretical literature the magnetization is usually made to point out of the sample on all surfaces. Whether this is a necessity or how the axion physics would look for fields going inwards and outwards on opposite surfaces is not yet explored. Moreover, no direct measurement of the magnetization has yet been reported on at low enough temperatures for the samples to be in the quantized regime, where the character of the magnetization reversal is qualitatively different than that at higher temperature (See Fig. S10 in [9] for example). It is not clear if in our samples the magnetization is homogeneous, or if energy considerations (discussed in the supplementary material, which includes Ref. to [34] ) lead to an always inward or always outward configuration. In either event, while more investigation into this issue is certainly needed before clarity is achieved, the very fact that we observe the quantum anomalous Hall effect in the samples proves that the edge states survive, and that their scaling behavior can be analyzed.
A single species Dirac fermion on a 3D TI surface state is linked to axion electrodynamics based on gauge symmetry arguments. Scaling analysis performed on our layers is consistent with that expected from such an axion system. While uncertainty about the magnetization state leave some degree of speculation in associating our scaling to an axion insulator, we suggest that it is a plausible explanation based on currently available evidence.
Conclusion. We have studied the flow diagram of the QAHE in several layers. From the scaling behavior we determine that the QAHE in our capped 9 nm thick Vdoped (Bi,Sb) 2 Te 3 layers originates from the two topological surface states of the magnetic 3D TI each contributing the half-integer quantization of σ xy = 1 2 e 2 /h to the total Hall conductivity. The center of the semicircle in the flow diagram being shifted from a finite value to zero is robust evidence, which does not rely on discriminating between the various surface contributions. This result qualitatively differs from most previous publica-tions showing 2D behavior [35] and is a robust transport observation of a distinct QAHE having scaling properties consistent with one resulting from the presence of axionic action characterizing the electrodynamic response of a magnetic 3D TI, i.e., an axion insulator.
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Note added.-In addition to note [35] , an additional publication appeared [36] , during the review process of our manuscript, in which a 3D-like scaling (as the red dashed line of our Fig. 2 ) is reported in Figure S6 of their supplementary material. However, as in [35] the significance of this observation was not recognized. Interestingly, in the configuration where the authors believe to have achieved a magnetization pointing out of the plane on both surfaces, the observed scaling is that of our 2D geometry (as the black dashed line of our Fig. 2 ), which does not support axionic responce.
Supplementary Material
Sample preparation. After MBE growth, the samples are processed by standard optical lithography techniques. In a first lithographic step, a six-terminal Hall bar geometry mesa is defined using Ar ion beam etching, with positive tone resist as an etching mask. In a second lithographic step, after Ar ion beam etching removal of the tellurium cap from selected parts of the defined mesa, the sample is transferred in-situ under vacuum conditions, into metalization chamber to evaporate the AuGe contact leads. A top gate oxide, consisting of 20 nm of AlOx, and 1 nm of HfOx, is deposited on the structure using atomic layer deposition, and immediately covered with a Au gate electrode in the third lithographic step. The remaining insulating oxide layer is removed from the leads area with water diluted HF in the final step. Afterwards, each processed sample is glued to a chip carrier, and an ultrasonic bonder is used to connect Au wires to the device. Each sample consists of two Hall bar devices, big and small, with widths of 200 µm and 10 µm, and separations of 600 µm and 30 µm, respectively, between adjacent contacts. No difference in transport is observed between the two. Supplementary Fig. 1 shows an optical microscope photograph of a typical sample.
Transport data for layers with thicknesses beyond d = 9 nm. Supplementary figure 2 presents longitudinal (a) and Hall (b) magneto-resistivity data for V 0.1 (Bi 0.21 Sb 0.79 ) 1.9 Te 3 layers with thicknesses d = 9 nm, d = 15 nm, and d = 25 nm grown under the same conditions. The layer with thickness d = 9 nm is a representative one exhibiting perfect quantization [14] , plotted here as a comparison to the thicker layers. The layer with d = 15 nm has no Te protecting cap, whereas both with d = 9 nm and d = 25 nm have one. Measurements were performed at base temperature (nominally 25 mK) of the dilution refrigerator, and gate voltage providing the biggest Hall resistivity for each of the samples. Layer thicknesses were obtained from X-ray reflection (XRR) measurements. For the thicker samples, the reduced values of the anomalous Hall signal and increased four terminal longitudinal resistance are a reflection of the fact that the bulk of the layer begins to contribute parasitic conduction. As such, it is impossible to discriminate between the bulk and topological surface contributions to the conductivity, and thus impossible to examine the scaling behavior of the surface state transport.
Magneto-resistivity data for scaling plots presented in Fig. 3 and Fig. 4 of the Letter. Supplementary Fig. 3 presents raw magneto-resistivity data for the scaling plots in Fig. 3 of the Letter. Magnetic field scans were performed at base temperature of the dilution refrigerator for various fixed gate voltage values, ranging from V G = -9 V to V G = 9 V (dielectric break limit of the 21 nm thick gate insulator on our samples). Supplementary Fig. 4 shows raw magneto-resistivity data for scaling plots from (1) and (4) are used to pass a current through the device, contacts (2)(3)(5) and (6) are used for proper 4-terminal measurements, and contact (G) is used for applying a gate bias. providing the highest anomalous Hall response.
Aging of the uncapped samples. Supplementary Fig. 6 presents scaling analysis with magnetic field as the driving parameter, for three layers grown without protective Te cap. Magneto-resistivity data from which the scaling plots were acquired are shown in Supplementary Fig. 5 . Measurements were performed at base temperature of the dilution refrigerator, for the gate voltage providing the biggest anomalous Hall resistivity for each sample. All three layers are at least 9 nm thick as determined by XRR measurements, yet show 2D scaling behavior. The flow diagram of uncapped layers therefore matches the scaling behavior of thinner capped layers. Supplementary Fig. 7 shows similar scaling analysis for two samples processed from one of the uncapped 10 nm thick layers presented in supplementary Fig. 6 (V 0.1 (Bi 0.23 Sb 0.77 ) 1.9 Te 3 ). One of them was exposed for 6 months to ambient conditions, and the other for 12 months between growth and processing. The flow diagram reveals an evolution of the scaling behavior towards the iQHE one, with increasing layer exposure time. This strongly indicates that samples without a proper protective cap exhibit behavior analogous to thinner grown capped layers due to degradation of the top atomic layers. Magnetic field as a parameter for quantum anomalous Hall effect flow diagram investigation. As mentioned in the main text, any parameter which causes the sample to transition between plateaus can be used as the drive parameter to explore the scaling, and various ones have been used over the years, including gate voltage, temperature, and external magnetic field. In this letter we focused our attention on using magnetic field as a parameter for QAHE scaling analysis, because it is the parameter that reveals the largest part of the scaling diagram, and the one which minimizes any possible influence of parasitic bulk effects. For completeness, we have analyzed the temperature and gate voltage driven scaling dependence as well ( Supplementary Fig. 8 and supplementary Fig. 9 ).
Scaling analysis with temperature as a parameter. Supplementary Fig. 8 shows a scaling analysis of the samples from the letter with temperature as the driving parameter, collected during cooling from T = 1 K to base temperature of the dilution refrigerator, at gate voltages providing maximal Hall resistivity for each, and no external magnetic field applied, after a magnetic field treatment to saturate the magnetization of the layers. The graph includes analysis of samples in a 3D regime with thickness d ≈ 9 nm (a), and samples in intermediate and 2D regimes (including thick uncapped layers exhibiting behavior of thinner layers) (b). There are indications of a difference in the flow diagram between the two situations, however the sampled parameter space is too small to draw any strong conclusions regarding presence of the axionic screening. Moreover, we caution that the matrix inversion formalism used to calculate conductivity tensor elements is valid only in a 2D system, or in case of a 3D topological insulator (TI) slab, parallel 2D topological surface states separated by insulating bulk. For this reason, it might not be possible to reliably extract σ xx and σ xy for elevated temperatures in a 3D TI, due to the likely appearance of trivial and temperature dependent conduction in the bulk. This raises questions as to the reliability of analysis based on temperature driven scaling behavior in such systems.
Scaling analysis with gate voltage as a parameter. The gate voltage parameter dependence of the flow diagrams presented in supplementary figure 9 exhibits a clear difference between scaling of the layers in the 2D and intermediate regimes (including uncapped thick samples exhibiting behavior of thinner layers) (b), and those in 3D regime with thickness d ≈ 9 nm (a). The measurements were performed at base temperature, and no ex- ternal magnetic field applied, preceded by magnetic field treatment to saturate magnetization of the samples. The former appear to follow iQHE scaling, while the latter reveal different behavior. Similarly to temperature dependence, the range of revealed scaling flow is significantly smaller than for magnetic field measurements. Nevertheless, the flow diagrams visible in (a) and (b) clearly show distinct behavior, fully consistent with that observed in the magnetic field driven measurements. Energy considerations for the magnetization state. As we commented on in the main text, there has yet to be any direct experimental measurements of the magnetization state in samples in the quantum anomalous Hall regime, but there is significant evidence that the state is rather complex. This includes the reports on partially superparamagnetic like behavior in Ref. [14] , as well as the clearly distinct qualitative magnetization behavior, below and above approximately 350 mK, as seen in Fig. S10 in the supplemental to Ref. [9] . This may all suggest that the ferromagnetic transition observed at T c = 23 K [10] is that of the bulk material, whereas the magnetic character of the surface state itself has some independent character.
To this last point we would note that the authors of Ref. [5] raise the issue of domains with opposite orienta- Flow diagram mapping σxx to σxy using external magnetic field as driving parameter, collected at the base temperature of the dilution refrigerator, for the gate voltage providing maximal Hall resistivity for the two 10 nm thick V0.1(Bi0.23Sb0.77)1.9Te3 samples without protective Te cap, processed from the same grown layer. In the case of the first sample, the surface was exposed to ambient conditions for 6 months before processing, and in case of the second one, for 12 months. (Scaling plot for the sample exposed for 12 months is visible in supplementary Fig.6 as well) tion of magnetisation on a single surface, and how it can be discarded on energy principles. This issue requires analyzing the balance of three different energy scales: (i) single-ion magnetic anisotropy (see also [34] ) (ii) Zeeman energy of the magnetic ions relating to the effectively ferromagnetic coupling between the ions and (iii) the magneto-electric energy itself, which is Eq. 3 in Ref. [5] . As one compares all three energy scales, following the line of thought in Ref. [5] , it seems likely that (iii) wins beyond a sufficient electric field strength. This is plausible as the other processes do not benefit from the electric field strength present at the thin film surfaces, and all energies (i)-(iii) scale linearly as a function of magnetic field, i.e. as a function of magnetic impurity density.
Having established that oppositely oriented magnetic impurity domains are not preferred for energetic reasons on a single surface, as done in Ref. [5] , it is conceivable that maximising the magneto-electric energy gain from the surface magnetic ion composition is likewise the driver for making all magnetic impurities point in or out of the TI. Judging from the estimate of Ref. [5] , the magneto-electric term is dominant over e.g. the Zeeman energy by possibly one or even more orders of magnitude. For the very same reasoning, one could expect the magnetic ion polarization to point all out-of-surface or in-surface. Exploring this hypothesis beyond the above energy scale argument would certainly be interesting, but would be very challenging from the simulation point of view, and well beyond the scope of this manuscript. It would require analyzing microscopically a 3D system of disordered magnetic ions doped into a topological insulator, which appears to be out of reach of current models.
